In this paper, we first derive the generic algebraic structure of a Quasi-Orthogonal STBC (QO-STBC). Next we propose Group-Constrained Linear Transformation (GCLT) as a mean to optimize the diversity and coding gains of a QO-STBC. Compared with the constellation rotation (CR) technique reported in the literature, we show that QO-STBC with GCLT requires only half the number of symbols for joint detection in the maximum-likelihood (ML) decoder when square or rectangular QAM constellations are used, hence it has lower decoding complexity than QO-STBC with CR. We also derive analytically the optimum GCLT Parameters for QO-STBC with generic square or rectangular QAM constellation for four and eight transmit antennas. The resultant QO-STBCs with GCLT can achieve full transmit diversity, and they have negligible performance loss compared with QO-STBCs with CR at the same code rate.
INTRODUCTION
Orthogonal Space-Time Block Code (O-STBC) offers full transmit diversity with linear decoding complexity [1] . Unfortunately, O-STBC suffers reduced code rate when complex constellations are necessitated by high transmission rate requirement, and when the required transmit diversity is greater than two. As a result, Quasi-Orthogonal STBCs (QO-STBC) were proposed. Some well known examples include the QO-STBC from [2] , the ABBA code from [3] and the transmit diversity scheme from [4] . With its quasi-orthogonal code structure, the maximum-likelihood (ML) decoding of a QO-STBC can be performed by searching over (or joint detection of) only a subset of the total number of transmitted symbols, hence the decoding complexity of quasi-orthogonal STBC is lower than the general non-orthogonal STBC.
The first-generation QO-STBCs, however, could not achieve full transmit diversity. Fortunately, this problem was solved by the technique of Constellation Rotation (CR) [5] [6] [7] [8] .
To date, full-rate full-diversity QO-STBC for four transmit antennas can be ML-decoded by the joint detection of at least two complex symbols [5] [6] [7] . For eight transmit antennas, fulldiversity QO-STBC requires joint detection of at least two complex symbols at a code rate of 3/4 [7] , or four complex symbols at full rate [8] .
In this paper, we shall show that the number of symbols required for the joint detection of the existing full-diversity QO-STBCs with square or rectangular QAM constellations can actually be halved if, instead of CR, a novel "Group-Constrained Linear Transformation (GCLT)" is used to optimize the original QO-STBCs. To explain the principles of the proposed GCLT, the generic algebraic structure of QO-STBC is first derived in this paper. We then examine the algebraic structure of existing QO-STBCs and study the impact of CR on their decoding complexity. Next, we derive analytically the optimal GCLT Parameters for a full-rate QO-STBC for four transmit antennas [2] and a rate-3/4 QO-STBC for eight transmit antennas [2] with generic square or rectangular QAM constellation. The bit error rate (BER) performance of QO-STBC designed using CR and GCLT are then compared.
II. QO-STBC AND ITS SIGNAL MODEL

A. Signal Model for QO-STBC with QAM Constellation
Suppose that there are N t tansmit antennas, N r receive antennas, and an interval of T symbols during which the propagation channel is constant and known to the receiver. The transmitted signal can be written as a T×N t matrix C that governs the transmission over the N t antennas during the T symbol intervals. It is assumed that the data sequence has been broken into blocks with K square or rectangular QAM symbols, x 1 , x 2 , …, x K , in each block for transmission over T symbol periods of time. The code rate of a QO-STBC is defined as R = K/T. If square or rectangular QAM constellation is used, every complex QAM symbol can be treated as two independent real PAM symbols. With this and the modeling approach in [9] , a STBC C can be expressed as:
where the transmitted symbols x q = s q + js K+q for 1 ≤ q ≤ K.
The matrices A p of size T × N t , for 1 ≤ p ≤ 2K, are called the "dispersion matrices". To limit the total transmission power, they must conform to the power distribution constraint [9] :
The received signal model can then be modeled as [9] :
where the normalization factor t N ρ is to ensure that the SNR (ρ) at the receiver is independent of the number of transmit antennas, and 
In the above equations, the superscript R and I denote the real part and imaginary part of a scalar, vector or matrix respectively. The r i and η i , for 1 ≤ i ≤ N r , are T × 1 column vectors which contain the received signal and the zero-mean unit-variance AWGN noise samples for the i th receive antennas over T symbol periods respectively, h i is a N t × 1 column vector that contains N t Rayleigh flat fading coefficients between the j th transmit antennas to i th receive antenna, h j,i , for 1 ≤ j ≤ N t ,.
B. Review of QO-STBC with Constellation Rotation
In this paper, the full-rate QO-STBC in [2] for four transmit antennas (herein called the code Q4) and the 3/4-rate QO-STBC in [2] for eight transmit antennas (herein called the code Q8) will be used as representative code examples. The code matrix of the Q4 code, C Q4 , is shown in (4):
After appropriate CR, Q4 is able to achieve full diversity with joint detection of two complex symbols for ML decoding [7, 8] . The resultant code, called Q4_CR in this paper, has code matrix C Q4_CR as shown in (5 
where the factor e jπ/4 denotes the CR angle for the QAM symbols x 3 and x 4 . The ML decoding metrics for Q4 have been derived in [2] , it shows that the decoding of x 1 and x 4 can be performed separately from the decoding of x 2 and x 3 . Since x 1 and x 4 (or x 2 and x 3 ) are each a complex symbol, their ML decoding requires the joint detection of two complex symbols (i.e. four real symbols) in total. We shall show in Section IV that by optimizing Q4 with the proposed GCLT instead of CR, the resultant code can be decoded with joint detection of only two real symbols, while still achieving full transmit diversity gain and full code rate.
III. QUASI-ORTHOGONALITY CONSTRAINT
A. Algebraic Structure of QO-STBC In order to quantify the number of symbols required for joint detection, we now derive the algebraic structure of generic QO-STBC, called the Quasi-Orthogonality (QO) Constraint. The concept of QO-STBC is to divide the K transmitted symbols in a codeword into G independent groups, such that symbols in any group are orthogonal to all symbols in the other groups after appropriate matched filtering, while strict orthogonality among the symbols within a group is not required. As a result, the received symbols can be separated into G independent groups by simple linear processing, such that the ML decoding of different groups can be performed separately and in parallel, and the ML decoding of every group can be achieved by jointly detecting only K/G complex symbols that are within the same group.
A is such that, H as defined in (3) has the property of H T H is block-diagonal and consists of G smaller sub-matrices each with size (2K/G) × (2K/G).
To derive the QO-Constraint, let us multiply a matched filter (H T ) to the received signal r in (3), and consider a snapshot of H T H as shown below:
Assume that the symbols s p and s q are in different group, we write {q}⊄ G(p) where G(p) represents a set of symbol indices that are in the same group as s p ; similarly, {p}⊄ G(q). In order to achieve orthogonality among the symbols of different groups, e.g. between symbols s p and s q , the summation terms included in the boxes in (6) 
Proof of Theorem 2: From (7), we have:
Then from (8), we can know that M is skew-symmetric and N is symmetric. As a result,
and it is skewsymmetric. Similar conclusion can be drawn on A q T A p .
Hence, by restricting the dispersion matrices {A} of symbols in different groups to satisfy the QO-Constraint in (7), orthogonality among the symbols of different groups can be achieved. Hence Theorem 2 is proved. It can be shown that all the QO-STBCs proposed in the literature, such as [2] [3] [4] , follow the algebraic structure specified in (7) . With this algebraic structure, we shall now examine the effect of CR on the decoding complexity of a QO-STBC.
B. Group Structure of QO-STBCs with CR
We now examine the eight dispersion matrices of the code Q4 (denoted as A 1 , A 2 , …, A 8 ) according to the derived QO-Constraint in (7) . The fulfillment of QO-Constraint of A 1 , A 2 , …, A 8 is shown in Table I with different colours. Since there are only two non-orthogonal dispersion matrices (modulating two real symbols) in each group, the ML decoding of Q4 can be achieved by joint detection of two real symbols, instead of two complex symbols as reported in [2] . 
X X X : QO-Constraint is not fulfilled Table II examines the fulfillment of QO-Constraint for the dispersion matrices of the constellation-rotated Q4, i.e. Q4_CR, (denoted as matrices A CR1 , A CR2 , …, A CR8 ). From Table II , it is clear that the dispersion matrices of Q4_CR can be grouped into only two orthogonal groups, {A CR1 , A CR4 , A CR5 , A CR8 }; {A CR2 , A CR3 , A CR6 , A CR7 }, as indicated in Table  II with different colours. Since there are four non-orthogonal dispersion matrices (modulating four real symbols) in each group, it implies that in order to achieve full diversity using CR, the ML decoder for Q4_CR needs to jointly decode four real symbols, rather than two real symbols before CR .   TABLE II. FULFILLMENT OF QUASI-ORTHOGONALITY CONSTRAINT IN 
X X X X : QO-Constraint is not fulfilled It can similarly be shown that the ¾-rate QO-STBC for eight transmit antennas proposed in [2] requires joint detection of two real symbols before CR (denoted herein as the Q8 code), and four real symbols after CR [7] (denoted herein as the Q8_CR code).
IV. GROUP-CONSTRAINED LINEAR TRANSFORMATION
A. Definition of GCLT
In order to optimize a QO-STBC to achieve full diversity and maximum coding gain, while maintaining the original symbol groupings and hence the decoding complexity, we propose the Group-Constrained Linear Transformation (GCLT) as defined in Theorem 3. 
Since the above expression is equal to zero, matrices {A LT } satisfy QO-Constraint (7) as matrices {A} do, hence Theorem 3 is proven.
B. Optimization of GCLT Parameters
The GCLT Parameters, α, can be chosen such that {A LT } optimize certain chosen performance optimization criteria, such as the rank and determinant criteria in [10] . To provide a systematic way to optimize the GCLT Parameters in (9), Multi-dimensional Lattice Rotation (MLR) technique in [11] can be employed. For simplicity, consider a QO-STBC with two real symbols per group (such as code Q4). Assume that the matrices A q and A v are in the same group, i.e. {q,v}=G(q)= G(v), the GCLT of the dispersion matrices can be expressed as follow:
where ⊗ represents the Kronecker product, and I T×T is an identity matrix of size T×T, and L MLR is an orthogonal matrix as specified in [11] . For a two-dimensional case (for extension to more than two dimensions, readers are referred to [11] for more details.), L MCR maps four GCLT Parameters into one variable θ using: This facilitates the search or analysis of the optimum GCLT Parameters. Denoting the Q4 code after GCLT as Q4_LT, we provide here an analytical derivation for the optimization of its GCLT Parameters. First, the determinant expression for the codeword distance matrix of Q4_LT is derived as follows: Since the symbol grouping of Q4_LT is such that s 1 and s 4 are in a group, and they are independent of (i.e. orthogonal to) the other symbols in the ML decoding operation, when considering the minimum determinant value, it can be assumed that only s 1 and s 4 have errors and the other symbols are error-free [5] . As a result, the worst-case (i.e. minimum) determinant value in (13) can be simplified to: 
It can be shown (detailed derivation is omitted here due to space constraints) that the optimum constellation angle to maximize the minimum determinant value in (14) for square and rectangular QAM is: where {( , )} {(1,10), (2, 11) , (3, 12) , (4, 7), (5, 8) , (6, 9) } q v ∈ . The minimum determinant values of Q4_CR, Q4_LT, Q8_CR and Q8_LT with 4-QAM and 16-QAM are listed in Table III . It shows that Q4_LT and Q8_LT achieve a lower coding gain than Q4_CR and Q8_CR, but Q4_LT and Q8_LT only need to jointly decode half of the symbols as required by Q4_CR and Q8_CR. Furthermore, it will be shown later on that, despite their reduced coding gains, Q4_LT and Q8_LT have negligible performance loss (<0.4dB) compared to Q4_CR and Q8_CR respectively. Although only Q4 and Q8 from [2] are used as examples in this paper, the approach described in this paper can be used to achieve the same reduction in decoding complexity (i.e. halving of the number of symbols required for ML joint detection) for the other QO-STBCs reported in the literature [5, 6, 7, 8] too. For example, consider the full-rate constellation-rotated QO-STBC in [8] for eight transmit antennas, its ML decoding requires joint detection of four complex symbols. If GCLT is used instead of CR, its ML decoding will only require joint detection of two complex symbols.
C. Decoding Performance
The BER performance of the Q4, Q4_CR and Q4_LT codes will now be compared. In Figure 1 , it is observed that both Q4_CR [7] and Q4_LT (constructed in this paper) achieve full transmit diversity. Although Q4_CR has slightly better performance (due to a larger minimum determinant value as shown in Table III ) than Q4_LT, their performance difference is less than 0.4 dB. Q4_LT, however, needs joint detection of only two real symbols; hence it has a significantly lower decoding complexity than Q4_CR, which requires joint detection of two complex symbols. Similar conclusions can be drawn for Q8, Q8_CR and Q8_LT, as shown in Figure 1 . V. CONCLUSIONS In this paper, we first derive the generic algebraic structure of QO-STBC, called Quasi-Orthogonality (QO) Constraint. It can be shown that all existing QO-STBCs are unified under this algebraic structure. Based on the derived QO Constraint, we show that constellation rotation (CR), a technique commonly used to optimize the decoding performance of a QO-STBC, actually increases the decoding complexity of the resultant QO-STBC because the number of symbols required for joint detection in ML decoding is doubled after CR is applied. Hence, we propose Group-Constrained Linear Transformation (GCLT) as a means to optimize the decoding performance of a QO-STBC with QAM constellation without doubling the number of symbols required for joint detection. The optimum GCLT Parameters for achieving maximum diversity and coding gains are derived for generic square or rectangular QAM constellations. Simulation results show that QO-STBC with GCLT can achieve full diversity at less than 0.4 dB loss in coding gain compared to QO-STBC with CR.
Although Multi-dimensional Lattice Rotation (MLR) is used as a realization of GCLT in this paper, other forms of linear transformation may also be used to implement GCLT.
